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In this paper, based upon a jet bundle formalism, we investigate the connection and the
curvature associated to the stretched rope equation. Following the prolongation structure
analysis due to Wahlquist and Estabrook combined to Cartan–Ehresmann connection with
structure group SL(3,R), we derive an interesting coupled system dubbed as the two-
component stretched rope equation which physically and geometrically arises from the
curve motion ﬂow in Euclidean space.
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1. Introduction
In the previous studies of nonlinear transverse oscillations of elastic beam under tension, Konno, Ichikawa and Wadati
[5] have shown that the nonlinear oscillation can be described by the following equation
φxt + sgn
(
ds
dx
)[
φxx
(1+ φ2x )3/2
]
xx
= 0, (1)
where φ is the transverse deﬂexion, s is arc length of the beam, x and t are space-like and time-like coordinates. The
subscripts with respect to these spacetime coordinates, denote the partial derivatives and the symbol sgn represents the
sign-function. The above equation known as the stretched rope equation based upon the weakly relative size of the bending
stiffness over tensile along the beam, also belongs to a more general system sometimes dubbed as loop-system derived by
Wadati, Konno and Ichikawa [7] as given below
Ax = λ(Bψx − Cχx), (2a)
Bx = λ(ψxt − 2ıB − 2ψx A), (2b)
Cx = λ(χxt + 2ıC + 2χx A), (2c)
where ı2 = −1 and A, B, C are scattering data expressed in terms of series of the eigenvalue λ, and the functions ψ and
χ being physical observables. Physically, in order to better understand the dynamics behavior of the stretched rope within
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270 T.B. Bouetou et al. / J. Math. Anal. Appl. 377 (2011) 269–273an anisotropic medium, it is convenient to search for the multicomponent stretched rope system. In the wake of such
interest, the question can logically arise whether the structure group of symmetries governing the system (1) survives or
extends to a further one. Looking forward investigating such a query, we introduce the jet bundle formalism associated to
the prolongation structure analysis due to Wahlquist and Estabrook [8] where the Cartan–Ehresmann connections [3] are
fundamental.
2. Vector stretched rope equation
Let us deﬁne two differentiable manifolds M = Rm = {(x1, . . . , xm)} and N = Rm+n = {(x1, . . . , xm,u1, . . . ,un)}, and the
surjective submersion π : N → M . The base manifold represents the independent variables while the manifold N deals with
dependent and independent variables. Let us deﬁne dimM = m and dimN = n +m, and let (xi,u j) (1  i m,1  j  n)
denote the coordinate function deﬁned by a ﬁber chart. Sections of N are deﬁned as smooth maps s : M → N such that
π ◦ s = 1M , where 1M is the identity map of M . The functions (xi,u j) are called the ﬁber coordinates on N . The r-jet
bundle J r(N) is given by the equivalence classes of sections of N having rth-order contact. The coordinate functions on
J r(N) are denoted by (xi,u j,u ji, . . . ,u ji1 i2...ir ) where i, i1, . . . , ir ∈ {1, . . . ,m}, j ∈ {1, . . . ,n} and 1  ii  i2  · · ·  ir m.
The quantities u ji1...ip correspond to the partial derivative of u j with respect to xi1 , xi2 , . . . , xip . The inﬁnite jet bundle
is denoted by J (N) and within the jet bundle formalism, a system of partial differential equations of order r is deﬁned
to be a submanifold of J r(N). Thus, considering the system Fk(xi,u j, ∂u j/∂xi, . . . , ∂ru j/∂xi1∂xi2 . . . ∂xir ) = 0 where k =
1, . . . ,kmax, within the jet bundle formalism, we get the submanifold Fk(xi,u j,u ji, . . . ,u ji1...ir ) = 0 and the contact forms
θ j = du j − u ji dxi, . . . , θ ji1...ir = du ji1...ir − u ji1...irk dxk . Let Ω = dx ∧ dt be the surface two-form on M . The one-differential
form
ω = fa(xi,u j,u ji, . . .)
(
∂
∂xa
⌋
Ω
)
, (3)
deﬁned on J (N) is called a conservation law of equations Fk = 0 (k = 1, . . . ,kmax) if ( js)∗(dω) = 0 whenever s : M → N
satisﬁes to this system equations. It is noted that js is the jet extension of s up to inﬁnite order and ∂/∂xaΩ denotes the
contraction. We use the summation convention and the symbol (∗) refers to the “pull back” operation.
Now, let us set q = ψx and r = χx such that M = {(x, t)} and N = {(x, t,ψ,χ,q, r)}. Starting with an exterior differential
system on J1(N) whose solutions are in one-to-one correspondence with the solutions to the system (2), we take the
coframe given by [dx,dt,ϕ1 = dψ − qdx − ψt dt,ϕ2 = dχ − r dx − χt dt,ϕ3 = dq − qx dx − (Bx + 2λB + 2λqA)dt/λ, ϕ4 =
dr − rx dx− (Cx − 2λC − 2λr A)dt/λ]. The solution to Eq. (2) are the curves in J1(N) on which
dx = 0, dt = 0, ϕi = 0 (i = 1, . . . ,4). (4)
The above coframe can also be written in terms of second-degree differential forms as follows
α1 = dψ ∧ dt − qdx∧ dt, (5a)
α2 = dχ ∧ dt − r dx∧ dt, (5b)
α3 = dA ∧ dt + λ(rB − qC)dx∧ dt, (5c)
α4 = dB ∧ dt + λdq ∧ dx+ 2λ(Aq + ıB)dx∧ dt, (5d)
α5 = dC ∧ dt + λdr ∧ dx− 2λ(Ar + ıC)dx∧ dt, (5e)
which generate a closed differential ideal denoted I where each solutions to Wadati–Konno–Ichikawa system is determined
by a two-dimensional integral manifold [1] of I on which dx∧ dt is nonzero.
Proposition 1. Let Y be a one-dimensional space parametrized by a single variable ζ . We deﬁne E = N × Y as the ﬁber bundle [4]
over N. The conservation laws given by Eq. (3) is interpreted geometrically as the connection for this ﬁber bundle, which can be written
through the following expression
ω = dζ + (x1 + x2q + x3r)dx+
(
x5 + Bx2
λ
+ Cx3
λ
+ Ax4
)
dt, (6)
where the functions xi (i = 1, . . . ,6) depending uniquely in ζ satisfy to the following commutation relations
[x1, x2] = −2iλx2, [x1, x3] = 2iλx3, [x1, x4] = 0, (7a)
[x1, x5] = 0, [x2, x3] = λ2x4, [x2, x4] = −2x2, (7b)
[x2, x5] = 0, [x3, x4] = 2x3, [x3, x5] = 0, (7c)
based upon a Lie-algebra structure.
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ω = dy + F˜ dx+ G˜ dt, (8)
where the functions F˜ and G˜ are structures deﬁned on N and also depending on the pseudopotential y. After assuming
that dω ∈ I ⊕ {ω} while constructing a complete Lie-algebra, it easily appears that F˜ and G˜ are linear N-deﬁned functions
with the commutation relations given above. 
Proposition 2. The curvature of the SL(2,R)-connection associated to the stretched rope equation (1) is given by
θ1 = dω0 + ω0 ∧ ω1, (9a)
θ2 = dω1 + 2ω0 ∧ ω2, (9b)
θ3 = dω2 + ω1 ∧ ω2, (9c)
such that θ1, θ2, θ3 ∈ I .
Proof. Indeed, deﬁning
x1 = −2iλY0, x2 = λY1, x3 = λY−1, x4 = 2Y0, x5 = 0, (10)
where Y0, Y−1, Y1 are generators of an sl(2,R) Lie-algebra, the connection associated to the stretched rope equation (1) is
given by
ω = dζ − ω0 − ω1ζ − ω2ζ 2, (11)
where
ω0 = −λφx dx+ sgn
(
ds
dx
)[−4φxλ3Y−1 + 2ıφxxλ2Y−3 + (φxxY−3)xλ]dt, (12a)
ω1 = 2iλdx+ 2sgn
(
ds
dx
)[
4ıλ3Y−1
]
dt, (12b)
ω2 = −λφx dx+ sgn
(
ds
dx
)[
4φxλ
3Y−1 + 2ıφxxλ2Y−3 −
(
φxxY
−3)
xλ
]
dt, (12c)
with Y =
√
1+ φ2x . The curvature is therefore derived from the exterior derivative of the connection deﬁned above. 
Alternatively, using the two-dimensional representation of the above algebra, we deﬁne
x1 = iλ
(
ζ 1b1 − ζ 2b2
)
, x2 = −λζ 2b1, (13a)
x3 = −λζ 1b2, x4 = −ζ 1b1 + ζ 2b2, (13b)
x5 = η
(
ζ 1b1 − ζ 2b2
)
, (13c)
where bi = ∂ζ i (i = 1,2), and the two-component connection (ω1,ω2) associated to Eq. (1) reads
ω1 = dζ 1 + λ
(
ıζ 1 − ζ 2φx
)
dx
− sgn
(
ds
dx
)[
ζ 1
(−4iφxλ3Y−1)+ ζ 2(4φxλ3Y−1 + 2ıφxxλ2Y−3 − (φxxY−3)xλ)], (14a)
ω2 = dζ 2 − λ
(−ζ 1φx + ıζ 2)dx
+ sgn
(
ds
dx
)[
ζ 1
(
4φxλ
3Y−1 − 2ıφxxλ2Y−3 −
(
φxxY
−3)
xλ
)+ ζ 2(−4iφxλ3Y−1)], (14b)
and the related curvatures are given
θ1 = dω111 + ω211 ∧ ω112, (15a)
θ2 = dω112 + ω112 ∧ ω111 + ω212 ∧ ω112, (15b)
θ3 = dω211 + ω111 ∧ ω211 + ω211 ∧ ω212, (15c)
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ω111 = −ıλdx+ A dt, (16a)
ω112 = λqdx+ B dt, (16b)
ω211 = λr dx+ C dt, (16c)
ω212 = ıλdx− A dt. (16d)
The above representation gives rise to the Wadati–Konno–Ichikawa inverse scattering problem which leads to Eq. (6) pro-
vided ζ = ζ 2/ζ 1.
Now, let us extend the previous two-component connection to a quadratic one [6] with the SL(3,R)-symmetry. Thus, by
writing
ω1 = ω10 + ω111 y1 + ω112 y2 + ω1211
(
y1
)2 + ω1212 y1 y2, (17a)
ω2 = ω20 + ω211 y1 + ω212 y2 + ω2222
(
y2
)2 + ω2212 y1 y2, (17b)
with
ω10 = λr dx+ C dt, (18a)
ω20 = λsdx+ E dt, (18b)
ω111 = 2(iλdx− A dt), (18c)
ω112 = λu dx+ F dt, (18d)
ω212 = 2(iλdx− H dt), (18e)
ω211 = λv dx+ G dt, (18f)
ω2212 = ω1211 = −(λqdx+ B dt), (18g)
ω2222 = ω1212 = −(λp dx+ D dt), (18h)
deﬁning a Cartan–Ehresmann [3] connection with groups structure SL(3,R),
Proposition 3. The curvature two-forms of the two-component connection expressed above generates an ideal spanned by the eight
two-forms
α1 = dA ∧ dt +
[
λ(Br − Cq) + (sD − λEp)/2+ λ(Gu − v F )/2]dx∧ dt, (19a)
α2 = dB ∧ dt + λdq ∧ dt +
[
2λ(Aq + iB) + (vD − λGp)]dx∧ dt, (19b)
α3 = dC ∧ dt + λdr ∧ dt +
[−2λ(Ar + iC) + (sF − Eu)]dx∧ dt, (19c)
α4 = dD ∧ dt + λdp ∧ dt +
[
2λ(Hp + iD) + (uB − λFq)]dx∧ dt, (19d)
α5 = dE ∧ dt + λds ∧ dt +
[−2(sH + iλE) + (λrG − vC)]dx∧ dt, (19e)
α6 = dF ∧ dt + λdu ∧ dt +
[
2(H − A)u − λ(Dr − Cp)]dx∧ dt, (19f)
α7 = dG ∧ dt + λdv ∧ dt +
[−2(H − A)v − (sB − λEq)]dx∧ dt, (19g)
α8 = dH ∧ dt +
[
(F v − uG)/2+ (sD − λEp) + λ(rB − Cp)/2]dx∧ dt. (19h)
This system is regarded as an extended form of the WKI-eigenvalue problem for coupled systems. By expanding the
scattering data up to third order series with λ such as
A = 4ıλ3Y−1, (20a)
B = γ (ψxxY−3)xλ − 2γ ıψxxλ2Y−3 + B3λ3, (20b)
C = −γ (ψxxY−3)xλ − 2γ ıψxxλ2Y−3 − B3λ3, (20c)
D = β(χxxY−3)xλ − 2βıψxxλ2Y−3 + D3λ3, (20d)
E = −β(χxxY−3)xλ − 2βıψxxλ2Y−3 − D3λ3, (20e)
F = F2λ2 + F3λ3, (20f)
G = −F2λ2 + F3λ3, (20g)
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with
F2x = γχx
(
ψxxY
−3)
x − βψx
(
χxxY
−3)
x, (21a)
B3x = −
(
χx F2 + 4γψxxY−3
)
, (21b)
D3x = F2ψx − 4βχxxY−3, (21c)
F3x = 2i(γ χxψxx + βψxχxx)Y−3, (21d)
H3x = −2i(γ χxχxx + βψxψxx)Y−3, (21e)
β and γ being nonzero arbitrary constants and Y =
√
1+ βψ2x /2+ γχ2x , the following coupled system is derived as follows
χxt =
(
βχxxY
−3)
xx, ψxt =
(
γψxxY
−3)
xx, (22)
which can be regarded as the two-component stretched rope equation also arising in the curve motion ﬂows in Euclidean
space [2]. It is natural to see that the jet bundle formalism associated to the prolongation structure analysis as introduced
at the beginning of this section has been useful in constructing a quadratic conservation law (see Eq. (11)) associated to
the stretched rope equation while deﬁning a Cartan–Ehresmann connection with structure group SL(2,R). Based upon such
results, we have found useful to search for more conservation laws while extending the special two-dimensional linear
group symmetry to a higher-dimensional one. Following the zero-curvature Cartan–Ehresmann connection on the related
ﬁber-bundle with structure group SL(3,R), the generalized form of Eq. (2) to an extended WKI-eigenvalue problem for
coupled systems has been straightforwardly derived by setting αi = 0 (i = 1, . . . ,8). Thus, Eq. (22) clearly appears as a
necessary condition for the compatibility equations to be consistent up to suitable expansion of the scattering data in series
of the eigenvalue λ (see Eqs. (20) and (21)).
Theorem 1. The three-component connections associated to loop-systems such as Eq. (22) is given by
ω1 = dζ 1 − λ
(−ıζ 1 − ζ 2ψx + ζ 3χx)dx− [(A + H)ζ 1 + ζ 2B + ζ 3D]dt, (23a)
ω2 = dζ 2 − λ
(−ıζ 1ψx + ıζ 2)dx− [ζ 1C + (H − A)ζ 2 + ζ 3F ]dt, (23b)
ω3 = dζ 3 − λ
(−ζ 1χx + ıζ 3)dx− [ζ 1E + ζ 2G + (A − H)ζ 3]dt, (23c)
from which the (3× 3)-WKI-inverse scattering problem can be formulated in terms of a matrix representation.
Proof. Indeed, changing to projection coordinates (ζ 1, ζ 2, ζ 3) straightforwardly yields the connections (23) from which the
(3× 3)-WKI-spectral problem is obviously formulated. 
In the wake of the results obtained above, the extension of the previous investigation to a multicomponent coupled
loop-system with higher-dimensional special linear symmetry group is worth surveying and constitutes a matter of current
investigation.
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